A characterization of designs related to dodecads in the witt system S(5, 8, 24)  by Tonchev, Vladimir D
IOURNAL OF COMBINATORIAL THEORY, Series A 43, 219-227 (1986) 
A Characterization of Designs Related 
to Dodecads in the Witt System S(5,8, 24) 
VLADIMIR D. TONCHEV 
Institute of Mathematics, 
Bulgarian Academy of Sciences, Sofia 1090, P.O. Box 373. Bulgaria 
Communicated bv J. H. uan Lint 
Received January 17, 1986 
We prove that the .5-(24, 12,48) design formed by the dodecades in the extended 
binary Golay code, as well as all l-designs (f > 2) obtained from it by derivation, 
are the unique designs with the given parameters and such that the cardinality of 
the intersection of any two blocks has the same parity (mod 2) as the block size. 
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1. INTRODUCTION 
The terminology and notations from design theory used in this paper are 
in accordance with those in Beth, Jungnickei, and Lenz [3], Cameron and 
van Lint [4], Hughes and Piper [6]. 
One of the most important examples of Steiner systems is the celebrated 
S(5, 8, 24) constructed by Witt in 1938 using the Mathieu group M,,. 
Applying consecutive derivation to an S(5, 8, 24), one obtains a number of 
r-designs including the Steiner systems S(3, 6, 22) and S(4, 7,23). These 
Steiner systems were constructed by Witt as consecutive extensions of the 
projective plane of order 4 [ 13, 143. Alternative constructions are given by 
Liineburg [S], Curtis [S], Cameron and van Lint [4], Beth and 
Jungnickel [ 21. 
A dodecad in an S(5,8,24) is the symmetric difference of two blocks 
intersecting in two points. The set of all 2576 dodecads forms a 
5-(24, 12,48) design a. Both S(5, 8, 24) and 3 arise as sets of supports of 
the words of weight 8 and 12, respectively, in the binary Golay code G24. 
Dodecads provide a very useful link between S(5,8, 24) and the little Witt 
system S(5,6, 12), allowing a simultaneous treatment of both systems [2]. 
To the best of our knowledge, no satisfactory characterization of the 
dodecad design a is known. Removing one, two, or three points from 9 
and considering the blocks containing (resp. not containing) them, one gets 
219 
0097-3165/86 $3.00 
Copyright CI 1986 by Academic Press.Inc 
All rights of reproduction in any form reserved. 
220 VLADIMIR D.TONCHEV 
TABLE I 















5-(24, 12, 48) 2576 1288 616 280 120 48 0, 2.4, 6, 8 
4-(23, 11, 48) 1288 616 280 120 48 1. 3, 5, 7 
4-(23, 12, 72) 1288 672 336 160 72 0,2, 4, 6, S 
3-(22, 10,48) 616 280 120 48 0. 2.4, 6 
3-(22, 11, 72) 612 336 160 72 1, 3, 5, 7 
3-(22, 12, 88) 616 336 76 88 0, 2, 4, 6. 8 
2-(21.9, 48) 280 120 48 1,3, 5 
2-(21, 10, 72) 336 160 72 0. 234, 6 
2-(21, 11, 88) 336 176 88 1, 3, 5, 7 
2-(21, 12, 88) 280 160 88 0, 2.4, 6. 8 
a number of designs whose parameters are listed in Table I, where the last 
column contains the cardinalities of intersections of pairs of blocks. It is the 
aim of this paper to prove the following 
THEOREM. The dodecad design 3, as well as all t-designs (t > 2) derived 
,from 3 are the unique (up to isomorphism) designs with the given parameters 
and such that the cardinality of the intersection of any two blocks has the 
same parity (module 2) as the block size. 
The proof is based on a generalization of the notion of a self-orthogonal 
Steiner system [ 1 ] and uses the classification of the binary self-dual codes 
of length 22 and 24, in particular, the uniqueness of the Golay codes. The 
same method was applied in [ll, 123 for a similar characterization of 
designs obtained by derivation from the Witt system S(5, 8, 24). 
2. SELF-ORTHOGONAL DESIGNS DERIVED 
FROM DODECADS IN S(5,8,24) 
Generalizing the concept of a self-orthogonal Steiner system introduced 
by Assmus, Mattson, and Guza [ 11, we call a t-(v, k, 2) design seF 
orthogonal if the cardinality of the intersection of any two blocks has the 
same parity (modulo 2) as the block size k. Evidently, all designs from 
Table 1 are self-orthogonal. The term “self-orthogonal” is due to a natural 
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connection between such designs and self-orthogonal codes. By a (binary) 
code of length II and dimension li (or an (n, k) code) we mean a k-dimen- 
sional subspace of the n-dimensional vector space V, over GF(2). Two 
(n, k) codes are equivalent if one can be obtained from the other by per- 
muting the n coordinates. If C is an (n, k) code, the dual code is defined to 
be the (n,n-k) code C’={~EV,:XJJ=O for each XEC}. C is self’ 
orthogonal, if Cc CL, and self-dual, if C= Cl. A matrix with the property 
that the linear span of its rows generates the code C is a generator matrix 
of C. The generator matrices of the dual code CL are called parit)~ check 
matrices of C. We shall often refer to the elements of a code as codewords, 
or words only. The weight of a codeword is the number of its nonzero 
positions, and the minimum weight of a code is the weight of a lightest non- 
zero codeword. An (n, k, d) code is an (n, k) code with minimum weight d. 
A code has minimum weight at least d iff all d- 1 columns in a parity 
check matrix are linearly independent. The duul distance of a code is the 
minimum weight of the dual code. The weights of all words in a self- 
orthogonal code are even. If, in addition, all weights are divisible by four, 
the code is called doubly-even. General references for codes are, e.g. 
Before beginning the proof of our theorem, let us mention that the pairs 
of designs (2, 3), (4, 6), (7, lo), (8, 9) from Table 1 are with complementary 
parameters, and since the complement of a self-orthogonal design is also 
self-orthogonal, it is sufficient to consider only the designs with k < v/2. 
For convenience, we shall further denote the total number of blocks & in 
a t-(v, k, A) design by b, and the number ,I, of blocks containing a given 
point by r. 
In what follows we shall frequently use the following simple but very 
useful lemma. 
LEMMA 2.1. Let A be the h by> v incidence n1atri.x of a se@orthogonal 
2-(v, k, 2) design. Then we have: 
(i) If k E 0 (mod 2) then A generates a self-orthogonal code L of 
length v with dual distance at least r/J + 1. 
(ii ) Zf LIE k E 1 (mod 2) then the matrix 
generates a self-orthogonal code L of Length v + 1 with dual distance at least 
min( b/r + 1, r/J + 1). 
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(iii) Zf US 1 (mod 2) kz0 (mod 2), then the matrix 
(2) 
generates a self-orthogonal code L of length v + 1 with dual distance at least 
r/A + 1. 
The proof is very similar to that of Lemma 2.1 in [ 111 (see also [ 121) 
so we omit it. 
Remark. Let us recall that every self-orthogonal code L of an even 
length n is contained in a certain number of self-dual codes of the same 
length, and when n = 0 (mod 8) and L is doubly-even, then L is contained 
in a number of doubly-even self-dual (n, n/2) codes (cf., e.g. [9, Chap. 191). 
Moreover, if E is a self-dual code containing the code L from Lemma 2.1, 
then the minimum weight of E is greater or equal to that of L’, and it is 
therefore bounded from below by the estimates of Lemma 2.1. 
We prove our main theorem in several steps. 
PROPOSITION 2.1. A self-orthogonal 4-(24, 12, 120) design is unique. 
Proof: Let A be a 2576 by 24 incidence matrix of a self-orthogonal 
4-(24, 12, 120) design D, and let us consider the self-orthogonal code L 
generated by the rows of A. Since 2576 > 2l’, L must be self-dual. Con- 
sidered as a 2-design, D has r = A, = 1288, A = 1, = 616 (see Table I), and 
by Lemma 2.1(i) the (dual) distance d of L is at least 4. Suppose that d = 4, 
i.e., A contains a quadruple of columns whose sum modulo 2 is the zero 
column. Let n4 denote the number of rows of A intersecting each of these 
four columns in 1. Then we have 
(:)n,=(z)1,=4.280, i.e., n,=280, 
and 
n,=&= 120, 
a contradiction. Hence d> 4, and since the weights of the rows of A are 
divisible by four, L must be contained in a doubly-even (24, 12) code with 
minimum weight at least 8. Up to equivalence, the only code with this 
property is the (24, 12, 8) extended Golay code GZ4 (cf., e.g. [lo]). This 
code contains precisely 2576 words of weight 12 forming an incidence 
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matrix of a 5-(24, 12,48), and consequently, a 4-( 24, 12, 120) design, which 
completes the proof. 
COROLLARY 2.1. A self-orthogonal 5-(24, 12, 48) design is unique. 
PROPOSITION 2.2. A self-orthogonal 3-(23, 11, 120) design is unique. 
Proof Consider the code L generated by a matrix of the form (l), 
where A is a 1288 by 23 incidence matrix of a self-orthogonal 
3-(23, 11, 120) design D. Since min( 1288/616 + 1, 616/280 + 1) > 3, by Lem- 
ma 2.l(ii) the minimum weight d of the dual code is at least 4. We shall 
show that d > 4. Suppose first that A contains three columns with sum 
(mod 2) the all-ones column, and let n3 be the number of rows of (1) inter- 
secting each of such three columns in ones. Then we have, as before this 
implies ir = %, , a contradiction. 
Assume now that A contains four columns with sum the zero column. 
Let ni denote the number of rows intersecting exactly i of such four 
columns in ones. Then we have the system 
n, + n, + n4 = 1288, 
2nz + 4n, = 4.6 16, 
n2 + 6n, = 6.280, 
1/d = 0.120, 
which has no solutions. Hence d > 4, and since the rows of (1) have weights 
divisible by four, L must be contained in the Golay code G,,, therefore the 
design D coincides with a derived 4-(23, 11,48) design of the dodecad 
5-(24, 12, 48) design. 
COROLLARY 2.2. A self-orthogonal 4-(23,11, 48) design is unique. 
PROPOSITION 2.3. A self-orthogonal 3-(22, 10,48) design is unique. 
ProoJ Let L be the code generated by a 616 by 22 incidence matrix of 
a self-orthogonal 3-(22, 10, 48) design D. By Lemma 2.1(i), the dual dis- 
tance d of L is at least 280/120 + 1, i.e., d 3 4. Suppose that d = 4, i.e., A 
contains a quadruple of linearly dependent columns. Then similarly as in 
the proof of the preceding proposition we get a system 
n,+n,+n,=616, 
2n, + 4n, = 4.280, 
n2 + 6n, = 6.120, 
n4 = 4.48, 
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which has no solutions. Hence d> 4 and L is contained in a self-dual 
(22, 11) code with minimum weight at least 6. The minimum weight of a 
self-dual (22, 11) code is at most 6, and the only self-dual (22, 11, 6) code 
(up to equivalence) is the shortened Golay code G,, [ 10). This code con- 
tains exactly 616 words of weight 10, forming an incidence matrix of a 
3-(22, 10, 48) design. Therefore, the design D is isomorphic with this 
3-design. 
PROPOSITION 2.4. A self-orthogonal 2-(21, 9, 48) design is unique. 
Proof: Let L be a code generated by a matrix of the form (1 ), where A 
is an incidence matrix of a self-orthogonal 2-(21,9,48) design D. Since 
min(280/120 + 1, 120/48 + 1) > 3, L is contained in a self-dual (22, 11) code 
with minimum distance d > 4. If d = 6, L is contained in the shortened 
Golay code G,, and D coincides with a derivation of the 3-(22, 10,48) 
design formed by the words of weight 10. We shall show that d = 4 is 
impossible by examining all inequivalent self-dual (22, 11, 4) codes. The 
classification of these codes has been completed in [lo]. Up to 
equivalence, there are exactly 7 self-dual (22, 11, 4) codes, and their 
representatives are given in [lo], Table I. 
Given a self-dual (22, 11, 4) code, let IV be the matrix having as rows the 
codewords of weight 10, and let IVj (1 < j< 22) be the matrix obtained 
from IV by deleting the jth column together with all rows having 0 in the 
jth column. A simple necessary condition for deriving an incidence matrix 
of a 2-(21,9,48) design as a submatrix of W, is that the scalar products 
(over the reals) of the pairs of columns of W, all must be greater than or 
equal to 48. Let mj = rn; be the number of pairs of columns of W, with 
scalar product equal to i. In Table II the non zero values m, with i < 48 for 
the matrices obtained from the 7 self-dual (22, 11,4) codes are given. It is 
seen from Table II that in every self-dual (22, 11,4) code all matrices W, 
contain pairs of columns with scalar product less than 48, thus none of 
these codes can support a 2-(21, 9,48) design, 
PROPOSITION 2.5. A self-orthogonal 2-(21, 10, 72) design is unique. 
Proof: The matrix (2) (see Lemma 2.1 (iii)), where A is an incidence 
matrix of a self-orthogonal 2-(21, 10, 72) design D, generates a code L with 
dual distance d 2 160/72 + 1, i.e., d 3 4. If d = 6 then L is contained in the 
Golay code G,, and D coincides with a residual of the 3-(22, 10,48) design 
formed by the codewords of weight 10. Let us now assume that there is a 
self-dual (22, 11, 4) code containing a set of 336 words of weight 10 with a 
common zero position such that after deleting this position an incidence 
matrix of a 2-(21, 10, 72) design is obtained. Then in the matrix formed by 
all codewords of weight 10 and having 0 in the given position the scalar 






N22 m35 = 30, ma6 = 14; f. = 1, /“8 = 21, .fe6 = 7, f,, = 18 14 
m,=12,m,,=6,m,=21;f0=3,/&=21~.f~~=6 7 
mx5 = 84, 11242 = 21, m&, = 98; .f, = 7, f64 = 21 1 
P 22 m,, nl4” rnd4 = 20, = 2, = 35; Jo = 1, ,feO = 16. .f,s = 8 
m3, =40. mm= 25, md4= lOO;f,=5, fM= 15 
Q22 m,,=8,m,,= 36,mbl =40: .fo = 2,fbz = l&f&,= 5 
rn4) = 36; f&, = 30, .feg = 36 
R zz ml5 = 8, rn3,, = 4, rndl = 12, md2 = 32, m4, = 28; f~ = 2, 
f62=12,fw= l.f,,=7 
mzs = 15, me1 = 12,m,,=12,m,,=14;f,,=l.,f~~=15 
m = 36; fa, = 33, .f,o = 6 41 









S 1: m2, mjg rndO m4, = 10, = 2, = 21. = 16; .fo = 1, .fG2 = 9. 
/& = 4, .fm = 25 
12 
rnG1 = 27; f5, = 1, .fbl = 18. ,f6 = 12, .fey = 24, f;o = 12 
m2, = 12, mj8 = 15, mho = 36, rndI = 48; f. = 3, fh4 = 9 
Tzz mzS = 5, mjy = 2, mjg = 14. m,, = 24; fb = I, .fbi = 6. 
.f6, = 4, f,, = 2. .fn = 18 
m,,=18;fh2=13,f6~=16,.f70=31.f;~=8 
m = 4, nz3, = 10, rnjR = 16, rnj9 = 48; f,, = 2. fbd = 6, feR 25 = 4 
u,, nl,, = 9; f63 = 6,167 = 9>1,,= 90 





product of any two nonzero columns must be at least 72. As in the 
previous proposition, let W be the matrix having as rows the words of 
weight 10 in a self-dual (22, 11, 4) code, and let W’ be the submatrix of W 
obtained by delating the jth column and all rows having 1 in the jth 
column. Let, further, fi=fl be the number of pairs of columns of w’ with 
scalar product i. In Table II the nonzero values f; with i< 72 for the 
matrices Wj corresponding to the 7 self-dual (22, I 1,4) codes are listed. It 
is readily seen from Table II that a self-dual (22, 11,4) code cannot 
produce a 2-(21, 10,72) design in the way described above. 
COROLLARY 2.5. A self-orthogonal 2-(21, 11, 88) design is unique. 
Remark. By the last corollary if A is an incidence matrix of a self- 
orthogonal 2-(21, 11, 88) design, then the matrix (2) generates the Golay 
code GzZ. 
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PROPOSITION 2.6. A self-orthogonal 3-(22, 11, 72) design is unique. 
Prooj Let A be a 672 by 22 incidence matrix of such a design D and 
consider the code L of length 24 generated by the following matrix 
(3) 
Evidently L is self-orthogonal. Let E be a doubly-even self-dual code con- 
taining L. If the minimum weight d of E is 8, i.e., if E is equivalent to the 
Golay code G,,, then D must be a design derived from the dodecad 
5-(24, 12,48) design by considering the blocks conraining a given point 
and not containing another given point. We shall show that d = 4 is 
impossible. For, suppose that there are three columns of A whose sum is 
the all-ones column. Denoting by n3 the number of rows of (3) intersecting 
each of such a triple of columns in 1, we have 
(:>nx=(i) 160, i.e.,n,=160, 
3 
0 ( 3 
n3= :)72, i.e., n3 = 72, 
a contradiction. Suppose now that A contains a quadruple of linearly 
dependent columns. This implies a linear dependence between columns of 
the incidence matrix of a derived 2-(21, 10, 72) design and a residual 
2-(21, 11, 88) design with respect to a point corresponding to some of the 
considered four linearly dependent columns of A. However, this is 
impossible as seen from the preceding proposition and its corollary. 
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